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Abstract
Temporal ﬂuctuations in recruitment are involved in two distinct coexistence mechanisms, the storage effect and relative
nonlinearity of competition, which may act simultaneously to stabilize species coexistence. It is shown that comparisons of
recruitment variation between species at high versus low densities can test whether these mechanisms are responsible for stable
coexistence. Moreover, under certain circumstances, these comparisons can measure the total coexistence stabilizing effect of the
mechanism. These comparisons are clearest for the situation of an invader (a species perturbed to low density) in the presence of its
competitors, termed residents. Then average invader–resident differences in the variances of log recruitment, potentially weighted by
adult survival rates and species’ sensitivities to competition, are proportional to the overall stabilizing effect of the storage effect and
relative nonlinearity of competition. Less effective comparisons are available for species naturally at high and low densities or with
substantial mean differences in average ﬁtness. These developments lead also to a technique of partitioning the long-term lowdensity growth rate of a species into community average measures of stabilizing mechanisms, deviations from these measures, and
other factors. The community average measure is argued as most appropriate for understanding the ability of a coexistence
mechanism to stabilize coexistence. Individual species’ deviations from the community average indicate the ways in a which a
coexistence mechanism may affect average ﬁtness differences between species either enhancing or diminishing the ability of a given
set of species to coexist, depending on other factors. This approach provides a general new tool for analyzing species coexistence.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
According to one classiﬁcation, there are two distinct
theoretical mechanisms of coexistence that arise from
temporal ﬂuctuations in the environment (Chesson,
1994; Chesson and Huntly, 1997). The stronger of
these, termed ‘‘the storage effect,’’ is a formalization of
the concept of temporal environmental niche differentiation (Chesson et al., 2001). The other mechanism,
‘‘relative nonlinearity of competition’’ has seemed
restricted in its ability to explain the coexistence of
more than a few species in a robust way (Chesson, 1994;
Abrams and Holt, 2002), although recent work on
nonlinear multi-resource models is suggestive of an
important role also for this mechanism (Huisman and
Weissing, 2002). Moreover, the results here show that
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even though relative nonlinearity of competition may
have difﬁculty explaining much diversity when operating
alone, it may modify the outcomes of other mechanisms
determining their overall ability to maintain diversity in
any community. While much is understood about these
mechanisms theoretically, their operation in nature is
poorly understood. One reason for this situation is the
difﬁculty of understanding how these mechanisms can
be tested in nature.
The purpose of this article is two-fold. First, it aims to
help redress the difﬁculty of testing coexistence mechanisms based on recruitment variation by developing
theoretical results that help justify and expand tests
of the storage-effect coexistence mechanism, including tests of the storage effect in combination with
relative nonlinearity of competition. Second, the problem of testing models based on recruitment variation
raises the important issue of how the strengths of
coexistence mechanisms can be assessed. In previous
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work (Chesson, 1994, 2000a), it was possible to quantify
the effects of particular coexistence mechanisms on the
persistence of individual species. However, coexistence is
a community property, and if a coexistence mechanism
is to be quantiﬁed, it seems most appropriate to do so at
the community level. Thus, the second aim of this
article, which is needed to fully achieve the ﬁrst, is to
solve the problem of quantifying the strengths of
coexistence mechanisms at the community level.
Although solving this problem was motivated by the
question of testing mechanisms based on recruitment
variation, it has broad applications to the theoretical
and empirical analysis of species coexistence.
1.1. Past approaches to testing the storage effect
There are several approaches to testing the storage
effect based on patterns of recruitment ﬂuctuations over
time. Warner and Chesson (1985) developed a method
for partitioning long-term population growth rates into
components due to recruitment ﬂuctuations and components due to other factors, and this technique was
applied most notably to testing the storage effect for
coexisting Daphnia species (Caceres, 1997). Although
this technique reveals the effects of recruitment ﬂuctuations on the dynamics of an individual species, it does
not directly address interactions between species. However, Chesson and Huntly (1989) pointed out that when
the storage effect is operating, population growth rates
might tend to ﬂuctuate more for a species at low density
than for a species at high density. If these growth-rate
ﬂuctuations are driven by recruitment ﬂuctuations, then
higher recruitment ﬂuctuations should be seen for a
species at lower density. Recently, Kelly and Bowler
(2002) advanced this idea as a test of the storage effect in
forest trees. They based their predictions on a particular
version of the lottery model (Chesson and Warner,
1981) where only one species is sensitive to the
environment, with the environment ﬂuctuating between
two states only. However, no systematic exploration of
the use of patterns of recruitment ﬂuctuations to test the
storage effect has been done. Here that gap is ﬁlled.
1.2. Overview of recruitment fluctuations and the
storage effect
Recruitment ﬂuctuations are features of many species
in many different systems. For example, reef ﬁsh species
often have highly variable numbers of larvae arriving at
settling sites where they enter the juvenile age class
(Doherty and Fowler, 1994; Dixon et al., 1999). In plant
species, seed production, and seed germination can be
highly variable (Pake and Venable, 1995, 1996). In
addition, recruitment variation can be interpreted more
broadly to include recruitment of leaves on individuals
in a population, or recruitment of biomass or resources,

each of which in some circumstances can be highly
temporally variable (Warner and Chesson, 1985; Chesson et al., 2001).
Variable recruitment at one stage in the life cycle
often leads to variable recruitment at later stages. For
example, variable recruitment of juvenile ﬁshes may lead
to variable recruitment of adult ﬁshes (Abrams, 1984);
and strongly spatially and temporally varying conditions for seed production may lead to variable recruitment of seedlings, potentially ﬂowing down a chain to
variable recruitment of saplings and mature trees. In
these and many other cases, relatively brief intermediate
stages feed variable input to a longer-lived stage. Indeed,
when variable recruitment occurs, there is often some
relatively persistent stage in the life cycle that has the
effect of buffering recruitment variation. For example,
in annual plants, a persistent seedbank often accompanies highly variable recruitment of seeds into it (Pake
and Venable, 1996). In trees, both seedlings and adult
trees may show high levels of persistence. Typically, at
any given time, a persistent stage consists of individuals
from several to many past recruitment events. The
number of individuals in a persistent stage is thus a
discounted sum of recruitment over time, with distant
recruitment events discounted according to the rate at
which individuals leave the stage by death or entrance of
another stage (Warner and Chesson, 1985).
The presence of a stage in the life cycle that buffers
recruitment variation does not necessarily mean that
recruitment variation is unimportant. Indeed, the
storage-effect coexistence mechanism relies on such
buffering effects of persistent stages, because these
prevent catastrophic population decline when poor
recruitment occurs. As a consequence, a population
beneﬁts from favorable recruitment events without the
gains during favorable times being canceled by population declines during periods of poor recruitment
(Chesson, 1994). These issues are most important for
recovery of a species from low density, stabilizing its
presence in the system, because, at low density,
environmental factors that might favor high recruitment
rates are not opposed by intraspeciﬁc competition.
These ideas are understood in the theory of the
storage effect as follows: First, density-independent
environmental factors have a direct impact on per
capita recruitment. For example, in coral reef ﬁshes,
survival rates of larval ﬁsh prior to settlement may be
affected by environmental factors in the water column
(Dixon et al., 1999). For annual plants, environmental
factors can have large effects on germination rates
(Baskin et al., 1993) and growth rates of seedlings (Pake
and Venable, 1995). Second, competition, both within
and between species, reduces the actual recruitment that
occurs (Chesson and Huntly, 1989). Indeed, recruitment
variation reﬂects high sensitivity of the recruitment process to both environmental and competitive inﬂuences
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(Chesson, 1990). Third, direct environmental effects on
recruitment alter the competition that occurs during
recruitment by altering the density of individuals that
are competing for the resources needed for recruitment.
For example, if more tree seedlings appear in the forest
due to environmental effects, competition between
seedlings can be expected to be greater, and thus
recruitment into the adult stage will be affected both
by the direct environmental effect producing the larger
number of seedlings, and the greater level of competition
that they experience. In this situation, the environment
has two different effects on recruitment. The ﬁrst of
these is its effect on the production of seedlings (a direct
effect of the environment), and the second is its effect on
the total magnitude of competition between these
seedlings (the indirect effect of the environment). Thus,
the direct effects of environment on recruitment, and the
effects of competition on recruitment, can be expected to
be correlated, i.e. can be expected to covary. This
phenomenon is called covariance between environment
and competition (Chesson, 1994). The precise deﬁnition
and measurement of covariance between environment
and competition are given below.
For any given variance in the direct effect of the
environment and the effect of competition, recruitment
variation decreases with the magnitude of covariance
between environment and competition. Because species
differ in their patterns of direct response to the
environment over time, covariance between environment and competition is greater for a species experiencing mostly intraspeciﬁc competition versus a species
experiencing mostly interspeciﬁc competition (Chesson,
1994). A species at high density would be expected to
have more intraspeciﬁc and less interspeciﬁc competition
than a species at low density. Thus, a species at high
density would have greater covariance between environment and competition, and thus weaker recruitment
ﬂuctuations than a species at low density. According to
the theory of the storage effect (Chesson, 2000b), in the
presence of a long-lived life-history stage that buffers
variation, this difference in covariance between environment and competition for high- versus low-density
species gives an average population growth rate
advantage to a species at low density, promoting its
coexistence with its competitors. Indeed, together with a
persistent stage in the life cycle, this covariance
difference is the heart of the storage-effect coexistence
mechanism. Because of the likely association of covariance differences with recruitment-ﬂuctuation differences, we ask here to what extent observations on
recruitment-ﬂuctuation differences can be used to test
the storage-effect coexistence mechanism.
In pursuing this goal we consider two different ways
of viewing low density. In the ﬁrst case, a species at low
density is there only temporarily. It may have been
experimentally reduced to low density, have just arrived
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in the system, or have experienced a sequence of
unfavorable environmental events that have brought it
to very low density, from which it will recover. In these
situations, the species is referred to as an invader,
corresponding to the use of invader in theoretical
invasibility coexistence analysis (Turelli, 1978; Ellner,
1989; Chesson, 1994). In the second case, species are
distinguished by their long-term mean densities. A lowdensity species is therefore low on average.

2. Models and mechanisms
For perennial organisms, a general model in which
recruitment ﬂuctuations promote coexistence by the
storage effect takes the form
Nj ðt þ 1Þ ¼ ð1  dj ÞNj ðtÞ þ Rj ðtÞNj ðtÞ;

ð1Þ

where Nj ðtÞ is the density of adults of species j at time t;
dj is the fraction of adults dying during one unit of time
and Rj ðtÞ is the per capita number of new recruits to
species j in the time interval t to t þ 1 (Chesson, 1994).
Eq. (1) might be generalized to consider age-structured
mortality and fecundity, but results of Dewi and
Chesson (2003) suggest that such age structure would
not have major effects on the results discussed here. Per
capita recruitment, Rj ðtÞ; is assumed to reﬂect the direct
response of the organisms to the environment (the
environmental response, Ej ðtÞ), and a response to
competition, Cj ðtÞ: The recruitment rate might then
reasonably satisfy the formula
Rj ðtÞ ¼ eEj ðtÞCj ðtÞ ¼ eEj ðtÞ =eCj ðtÞ

ð2Þ

or equivalently
ln Rj ðtÞ ¼ Ej ðtÞ  Cj ðtÞ;

ð3Þ

which deﬁnes recruitment as additive in the environmental and competitive responses on a log scale, a scale
that proves useful in both data and theoretical analysis
(Chesson, 1982). The most important feature of this
model, however, is that recruitment is represented as a
function of a direct environmental effect, expðEj ðtÞÞ;
divided by a function of competition, expðCj ðtÞÞ:
Indeed, in cases where competition can be removed by
reducing densities, Ej ðtÞ and Cj ðtÞ can be operationally
deﬁned by the formulae
Ej ðtÞ ¼ ln R0j ðtÞ;

ð4Þ

Cj ðtÞ ¼ lnðR0j ðtÞ=Rj ðtÞÞ;

ð5Þ

where R0j ðtÞ is the recruitment rate in the absence of
competition, and Cj ðtÞ is then the reduction in ln
recruitment due to the action of competition. These
deﬁnitions parallel empirical approaches to determining
the intensity of competition (Grace, 1995).
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A plausible model for Cj ðtÞ is
Cj ðtÞ ¼

n
X

Using expression (3) for ln Rj ðtÞ we see that
V ðln Rj ðtÞÞ ¼ V ðEj ðtÞÞ þ V ðCj ðtÞÞ  2Cov½Ej ðtÞ; Cj ðtÞ

al eEl ðtÞ Nl ðtÞ;

ð6Þ

ð8Þ

l¼1

where the term expðEl ðtÞÞNl ðtÞ simply represents the
number of juveniles of species l that are competing with
each other and with other species, and al is the
competitive effect of a juvenile of species l. In this
expression, expðEl ðtÞÞ represents the product of the per
capita fecundity of species l and the juvenile survival
rate in the absence of competition, and would therefore
be the recruitment rate in the absence of competition.
Thus, this model assumes that the principle competition
is between juveniles, presumably for resources that they
need to mature.
An important alternative form of Cj ðtÞ with similar
properties to form (6) is the lottery form (Chesson,
1994), where
P El ðtÞ

Nl ðtÞ
le
Cj ðtÞ ¼ ln P
;
ð7Þ
l dl Nl ðtÞ
which is simply the natural log of the ratio of
the number of juveniles competing for settling sites to
the number of settling sites that are available due to
death of adults. The general results discussed here,
however, do not depend on the details of the formula
for Cj ðtÞ; and apply equally to the lottery model, the
model given by (6), and similar models including
the generalization of Eqs. (6) and (7) given in the
appendix as Eq. (A.5). The deﬁning features of the
major part of our development are Eqs. (1) and (2),
with the additional assumption that Cj ðtÞ does not
depend on j; i.e. all species experience the same
magnitude of competition. A more general situation in
which the Cj ðtÞ are proportional between species is
considered also, but in less detail. For both situations
(equal or proportional Cj ðtÞ), equilibrial coexistence is
precluded, i.e. in the absence of ﬂuctuations in recruitment, the species could not coexist. Mechanisms of
stable coexistence are then restricted to the storage effect
and relative nonlinearity of competition (Chesson,
1994), which we wish to assess by measuring variation
in recruitment.
Of interest is relative recruitment variation, not the
variance of recruitment, and relative recruitment variation is appropriately measured as the variance of
ln Rj ðtÞ; because the log scale is a relative scale.
Alternatively, the squared coefﬁcient of variation may
be used. These measures give numerically similar values,
and behave in similar ways provided the variance is not
too large. The variance of ln Rj ðtÞ is much simpler for
theoretical investigations, but the squared coefﬁcient of
variation may be preferred in empirical studies when
some values of Rj ðtÞ might be zero.

and hence that recruitment variation (V ðln Rj ðtÞ), and
covariance between environment and competition
(Cov½Ej ðtÞ; Cj ðtÞ), are indeed negatively related to one
another. As discussed above, the storage-effect coexistence mechanism relies on changes in Cov½Ej ðtÞ; Cj ðtÞ
between high and low density. Does this mean that the
operation of the mechanism, and a general test of the
mechanism, is possible by examining variation in
recruitment at different densities, rather than directly
measuring Cov½Ej ðtÞ; Cj ðtÞ?
2.1. Conditions for coexistence
The model in the section above is a special case of a
general model analyzed by Chesson (1994) in which the
per capita growth rate, deﬁned as rj ðtÞ ¼ ln Nj ðtþ1Þ
ln Nj ðtÞ; takes the form
rj ðtÞ ¼ gj ðEj ðtÞ; Cj ðtÞÞ

ð9Þ

for some function gj : For the recruitment variation
model given above
gj ðEj ; CÞ ¼ lnf1  dj þ eEj C g;

ð10Þ

where t is suppressed for simplicity of notation, and C is
not given a subscript because we shall assume that it is
the same for all species, as discussed above. To
determine species coexistence in a nonequilibrium
ﬂuctuating environment scenario, one uses the invasibility criterion (Turelli, 1981; Chesson, 1994), and
evaluates the long-term growth rate of each species at
low density. If this long-term growth rate is positive for
each species, they coexist by the invasibility criterion.
Note that recovery from low density is a deﬁnition of
stable coexistence, and is to be contrasted with neutral
coexistence applicable to neutral models (Chesson and
Huntly, 1997; Hubbell, 2001). The long-term lowdensity growth rate is denoted r%i ; and is evaluated as
the expected value of ri ðtÞ for species i considered as an
invader, i.e. with species i set to zero and the other
species (termed residents) having the joint stationary
distribution that they achieve in the absence of species i:
Under the assumption that the Ej ðtÞ undergo ﬂuctuations of small magnitude, it is shown in Chesson (1994)
that r%i can be expressed in the form
r%i Er%0i  DNi þ DIi ;
r%0i

ð11Þ

where is a contribution due to equilibrium mechanisms of coexistence, DNi measures the effects of relative
nonlinearity, DIi measures the storage effect, and the
approximation error is small relative to the variance,
V ðEj Þ; of Ej ðtÞ; as discussed in the appendix. Results of
Chesson (1994) are adapted in the appendix to give the
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species-speciﬁc component, s2 ð1  rÞ; of the variance in
a species’ environmental response, Ei ðtÞ: In this situation also, DN is zero, r%0i =di reduces to dmi ; and so

Table 1
Component of r%i =di

Formula

r%0i =di

dmi þ dVi
1
fig
Þðdi  d%fsaig
Þ
s
2V ðC

DNi =di
DIi =di

fig

ð1  ds Þws

fsaig

fig

 ð1  di Þwi

mj ¼ E½Ej   ln dj ; and dmi ¼ mi  ms fsaig ; the fsaig superscript on the
overbar means the average over all resident species; s2j ¼ V ðEj Þ; and
dVi ¼ 12ð1  di Þs2i  12ð1  ds Þs2s
i is invader; and

fig
wj

fsaig

¼ CovðEj ; C

; C fig is competition when species

fig

Þ:

formulae in Table 1 for the various terms in Eq. (11).
Note that each term in Table 1 has been rescaled by the
common factor di : This rescaling amounts to a change
of units from an absolute time scale, for example years,
to a per generation scale for each species, because 1=di is
the generation time for species i: In effect, it converts
these quantities to natural timescales, and leads to much
more sensible results in the material that follows.
The storage effect (DIi =di ) is represented in Table 1 as
a comparison of invader (i) and resident (s) covariance
between environment and competition, multiplied by
adult survivorship. As discussed above, when the species
have different responses to the environment, covariance
between environment and competition for invaders is
expected to be lower than covariance between environment and competition for residents, tending to make DIi
positive for all species, and promoting their persistence
in the system. By contrast, the ﬁrst line of the table
(r%0i =di ) sums to zero over species. Thus, unless this term
is zero for all species, it will be negative for some species
and positive for others. This term is fundamentally a
comparison of resident and invader growth rates at a
ﬁxed average level of competition (see the appendix),
and leads to a strict ranking of species for the given
environmental conditions.
If the storage effect (DIi =di ) is large enough, it can
cancel the negative values of r%0i =di that some species have
yielding positive low-density growth rates (r%i ) for all
species, permitting species coexistence. To see how this
happens, it is instructive to consider the special case in
which the species have equal adult death rates (dj ), and
the environmental response ﬂuctuations have the symmetric variance and covariance structure: V ðEi Þ ¼ s2
and CovðEi ; Ej Þ ¼ rs2 ; for all species pairs, iaj;
with the vector of environmental responses,
ðE1 ðtÞ; E2 ðtÞ; y; En ðtÞÞ; being independent and identically distributed over time. Then, the storage effect
reduces to the especially simple form
2

DI s ð1  rÞð1  dÞB
;
¼
di
n1
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ð12Þ

where the positive constant B depends on the particular
form of competition as discussed in the appendix. Note
that the storage effect is here simply proportional to the

r%i
s2 ð1  rÞð1  dÞB
:
¼ dmi þ
n1
di

ð13Þ

The species coexist if this quantity is positive for every
species. This condition also has a simple meaning. The
term dmi can be considered to be the average ﬁtness
advantage that a species has over its competitors in the
system. The average of this value over species is zero,
and therefore some species have negative ﬁtness
advantages, i.e. are disadvantaged in average ﬁtness.
These species would be competitively excluded if it were
not for the second term, s2 ð1  rÞð1  dÞB=ðn  1Þ;
which is positive, and independent of the ﬁrst term.
Therefore, a large enough value of the second term
overcomes all ﬁtness disadvantages and allows all
species to have positive values of r%i ; and hence coexist.
If the adult death rates are not equal, the relative
nonlinearity term, DNi =di ; is also negative for some
species and positive for others, but because V ðC fig Þ
may depend on the identity of the invader, the sum of
this term over species need not be zero, and indeed may
be positive. As we shall see below, this fact makes it
possible for DNi =di to contribute to coexistence. Moreover, in general the storage effect term will also vary
with the species. For example, in the case of a symmetric
variance and covariance structure for environmental
responses, but different adult death rates, the storage
effect becomes
(
)
fsaig
DI
ð1

rÞð1

d̃
Þ
s
þ rðdi  d%fsaig
¼ s2
Þ B; ð14Þ
s
di
n1
where the tilde over the ﬁrst ds indicates the weighted
average over residents deﬁned in the appendix and the
bar with superscript fsaig over the second ds indicates
the simple average of over residents. Quantity (14) may
be negative for some species but averages to a positive
value over each species in the community considered as
an invader, i; provided some species live longer than one
period of recruitment, viz., have di o1: To understand
what these scenarios mean for species coexistence, we
consider next the concept of community average
measures of coexistence mechanisms.
2.2. Community average measures of coexistence
mechanisms
Expression (13) for r%i =di has the special form
r%i
¼ xi þ A;
di

ð15Þ

where xi and A are capable of being varied independently, with the xi summing to zero over species. Note
that in (13), B may depend on the average of the m values
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for the species, but not on their differences, which yield
the xi : Whenever long-term low-density growth rates
can be put in this form with A positive, then A is a
erm that stabilizes coexistence in the sense that without it coexistence would be impossible but in its presence the long-term low-density growth rates of all
species are positive for some sets of x values (Chesson,
2000b).
The quantities xi qualify as relative ﬁtness measures
because they quantify average relative performance of
the different species in the system. The magnitude of A
determines the maximum average ﬁtness disadvantage
(maximum xi ) compatible with coexistence, and thus
can be regarded as a measure of the strength of the
mechanism. In the particular case represented by
Eq. (13), A is the common contribution of the storage
effect to r%i =di for all species in the community. In
general, it makes sense that a measure of the strength of
a coexistence mechanism should be a community
property rather than a property of an individual species.
The fact that A emerges as the average over species of
some scaling of r%i suggests that a community value for
coexistence stabilizing mechanisms might be available
more generally, not necessarily just as a special of
feature of Eq. (13).
To see how to generalize the results of Eq. (13), we
can average the individual storage-effect values given by
expression (14) for the case of unequal adult death rates,
but symmetric variance and covariance structure, to
obtain
(
)
 
DI
2 ð1  rÞð1  d̃ Þ
B;
ð16Þ
¼s
d
n1
where d̃ is the average of d̃i over each species i: Quantity
(16) is positive, and individual deviations from this
value,
 
DIi
DI
dIi ¼

;
ð17Þ
d
di
sum to zero, and can be a considered to be ﬁtness
differences that, like m differences, contribute to the xi :
However, note that when the d’s differ between species,
DNi =di ; will be nonzero too, and must be taken account
of in r%i =di : We can deﬁne a community average value of
DNi =di ; by simply averaging DNi =di over the species i;
which here yields


DN
n
Covi ðdi ; V ðC fig ÞÞ;
ð18Þ
¼
d
2ðn  1Þ
where the covariance is the simple covariance of di and
V ðC fig Þ over species. Then individual relative nonlinearity deviations are


DNi
DN

dNi ¼
:
ð19Þ
d
di

With these deﬁnitions, the relative ﬁtness measure xi is
appropriately deﬁned as
xi ¼ dmi þ dVi þ dNi þ dIi ;

ð20Þ

which sums to zero as before. The stabilizing term, A;
becomes the difference between the community average
storage effect and community average relative nonlinearity of competition:
  

DI
DN
A¼

;
ð21Þ
d
d
because DIi has positive sign and DNi has a negative sign
in formula (11) for r%i : Note that if the d’s are similar
between species, or V ðC fig Þ does not vary with i; then
community average relative nonlinearity will be zero
and relative nonlinearity in that case simply contributes
to average ﬁtness differences between species, not
stability. Thus, in that case A just reﬂects the storage
effect.
If A is positive, the joint action of the storage effect
and relative nonlinearity of coexistence promotes species
coexistence in the sense that there is then a nonempty set
of x1 ; x2 ; y; xn values for which all the species have
positive growth at low density and hence coexist. This
coexistence region is simply the set of all vectors
x ¼ ðx1 ; x2 ; y; xn Þ with each component greater than
A; and all components summing to zero. This region is
a bounded n  1 dimensional set whose size is an
increasing function of A: To obtain this conclusion,
however, we must suppose that the x values can be
varied without changing the value of A: The ability to
vary the dmi without greatly affecting the other terms of
xi ; or A; attested to by results in Chesson (1994),
indicates that this assumption is reasonably applicable
to models of recruitment variation as deﬁned here. In
general, however, one must be concerned that the
models in question are sufﬁciently ﬂexible that the xi
and A values can be varied independently. Note that
symmetry assumptions on variances and covariances
required for the particular form (16) for the community
average storage effect do not affect these conclusions
and are not required for any conclusions below, except
where speciﬁcally mentioned.

3. Relationships of mechanisms to recruitment variation
3.1. Recruitment variation in residents compared
with invaders
The results above for an individual species show that
the long-term low-density growth rate can be expressed
as
r%i =di ¼ dmi þ dVi  DNi =di þ DIi =di ;

ð22Þ
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which expands to yield
r%i =di ¼ dmi þ dVi þ 12fð1  di Þ  ð1  ds Þ
fig

 ð1  di Þwi

fig

fsaig

gV ðC fig Þ

fsaig

þ ð1  ds Þws

:

ð23Þ

Using expression (8), the terms above rearrange to
demonstrate the effects of recruitment variation:
r%i =di ¼ dmi þ 12fð1  di ÞV ðln Ri Þ  ð1  ds ÞV ðln Rs Þ

fsaig

g:

ð24Þ
Thus, we see that recruitment variation makes a positive
contribution to the persistence of an individual species
when the species’ recruitment variation as an invader,
multiplied by its adult survival rate, is greater the
average of this same quantity for resident species. When
adult death rates are small, so that the ð1  dj Þ can be
satisfactorily approximated by 1, and the variances of
V ðEj Þ of the different species are the same, the storage
effect is very simply related to the difference in
recruitment variation, viz.,
DIi =di ¼ 12ð1  dÞfV ðln Ri Þ  V ðln Rs Þ

fsaig

g:

ð25Þ

Thus, for a positive storage effect for species i; the
average of resident recruitment variation has to be
greater than the invader recruitment variation. In other
cases, the relationship is more complicated. However,
the situation is greatly simpliﬁed by making use of the
development above on community average mechanisms.
Averaging expression (24) over species gives
8
fig
fig
1<
fig
ð1  di ÞV ðln Ri Þ ;
r%i =di ¼
2:
9
fig
fsaig =
fig
;
ð26Þ
 ð1  ds ÞV ðln Rs Þ
;
where fig has been added as a superscript to the
recruitment rates to indicate that these are calculated for
species i as an invader, and the superscript fig on an
overbar means that the average is over i: The results
above on community-level measures of mechanisms
yield
r%i =di

fig

¼ DIi =di

fig

 DNi =di

fig

:

ð27Þ

Thus, we see that
8
9
fig
fig
fsaig =
1<
fig
fig
ð1  di ÞV ðln Ri Þ  ð1  ds ÞV ðln Rs Þ
;
2:
¼ DIi =di

fig

 DNi =di

fig

;

ð28Þ

i.e. average recruitment variation, weighted by the adult
survival rate, comparing residents and invaders, is equal
to the difference between the community-level storage
effect, and community-level relative nonlinearity of
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competition. In particular, we see that recruitment
variation has a coexistence promoting effect if average
invader recruitment variation, multiplied by adult
survival, is greater than average resident recruitment
variation mulitplied by adult survival.
As before, when adult death rates are small, i.e. for
long-lived species, the recruitment variance comparison
does not need to be weighted by adult survival rates.
However, in that case also, the individual and community-level relative nonlinearities should be approximately zero, and so we see in that case that the
resident–invader comparison of recruitment rate variation yields the community-level storage effect. Thus, the
community-level storage effect can be assessed using
recruitment variation differences. This comparison
would also be correct if the d’s were nearly the same
for different species, even if not small. In the case where
the d’s are not small and differ appreciably one from the
other, then variance comparisons must be weighted an
survival rates. Morever, in this case, coexistence
potentially stems from the combined action of the
storage effect and relative nonlinearity of competition
(but not from other mechanisms), and the weighted
recruitment comparison assesses the combined action of
these two mechanisms.
As the magnitude of d ﬁgures importantly in the
meaning of the measures above and in the nature of the
mechanisms, it is important to consider just what it
means. It is deﬁned as the fraction of adults dying in one
unit of time. The units of time therefore cannot be
arbitrary. As the model is deﬁned, a unit of time allows
an individual to be born and to mature as an adult. All
competition that affects its survival is assumed to take
place in this one interval of time. When it becomes an
adult, i.e. after one unit of time, its survival is no longer
affected by competition. Short-lived organisms may in
fact be long-lived for our purposes here if the time from
birth to maturity is short. For example, if individuals are
born and become adults in the space of a day, but live 10
days on average, then they are long-lived organisms for
our purposes. Differential equation models of recruitment variation (e.g., Kelly and Bowler, 2002) implicitly
assume that the recruitment process is instantaneous.
Thus, in these models the organisms are effectively of
inﬁnite longevity, and the adult death rates considered
here are negligible, eliminating any role for relative
nonlinearity of competition.
3.2. Unperturbed systems
The invader–resident comparison above is most
applicable to experimental situations, where perturbations to the systems set it up. In contrast, we now
enquire about situations where coexisting species differ
in their long-run mean population densities. In this case,
we assume that recruitment ﬂuctuations have been
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observed over time in a system that has not been subject
to experimental perturbation or to selection of speciﬁc
times when a particular species is at unusually low
density. Do differences in variance of recruitment
ﬂuctuations reﬂect the action of the storage effect, or
more generally, a combination of the storage effect and
relative nonlinearity of competition? To answer this
question, we assume that the species are at a joint
stationary distribution, and exhibit steady ﬂuctuations
over time. The long-term per capita growth rates of all
species therefore are zero, and using the general theory
of dynamics in a variable environment (Chesson, 1994),
applied above, we can conclude that
0 ¼ ms þ 12ð1  ds Þs2s  E½C
þ 12ð1  ds ÞV ðCÞ  ð1  ds Þws :

ð29Þ

The unknown value E½C can be eliminated by
subtracting off the mean of expression (29) over all
species to obtain
% ðCÞ
0 ¼ ms  m% þ 12½ð1  ds Þs2s  ð1  dÞs2   12ðds  dÞV
 ½ð1  ds Þws  ð1  dÞw;

ð30Þ

where the averages are now simply taken over all species,
and C is for all species as residents. This expression is in
a similar form to the invader growth rate (23), with
terms that to correspond DNs =ds and DIs =ds ; but which
are not actually equal to these quantities because these
quantities are only deﬁned for the invader–resident
situation. However, if the mean density of species s is
very low, so that it has a negligible contribution to
competition, the last two terms of Eq. (30) will indeed be
close approximations to DNs =ds and DIs =ds :
The terms in Eq. (30) combine to yield the following
expression for weighted recruitment-ﬂuctuation differences:
0 ¼ ms  m% þ 12½ð1  ds ÞV ðln Rs Þ  ð1  dÞV ðln RÞ: ð31Þ
Thus, when comparing different species in a given
community, the mean ﬁtness value ms is negatively
related to recruitment variance weighted by the adult
survival rate. Although, this variance comparison does
not precisely measure the coexistence mechanisms in the
same way as the resident–invader comparisons above,
nevertheless, the relationship that it implies between
recruitment variation and mean ﬁtnesses is an outcome
of the assumption that C is common to coexisting
species. This assumption is only compatible with
recruitment variation as the mechanism of coexistence,
and so relationship (31) can be used to test recruitment
variation as the coexistence mechanism within the
constraints of the models considered here. We ﬁrst ask
if mean ﬁtness might be positively related to mean
population densities, meaning that the negative relationship between mean ﬁtness and recruitment variance
implies a negative relationship between mean densities

and recruitment variation, which would be more readily
observed, and is the test of the storage effect used by
Kelly and Bowler (2002).
In some models, for example, the lottery model with
equal adult death rates, and symmetric variances and
covariances as deﬁned in the section on coexistence
conditions above, mean density, E½Ns ; is a simple
increasing function of ms (available from the joint
stationary distribution for the lottery model found in
Hatﬁeld and Chesson, 1997). As the adult death rates
are the same, this result implies that recruitment
variance decreases as mean density increases. However,
in the multispecies lottery model, the mean densities can
differ between species when the m’s are the same for all
species but the adult death rates differ between species
(Chesson, 1984). In this case, the mean densities are
proportional to the mean longevities, 1=ds ; in long-lived
species. However, as (31) then implies that recruitment
variance is proportional to 1=ð1  ds Þ; this outcome
again means that mean densities and recruitment
ﬂuctuations are negatively related. The situation is not
so straightforward, however, if both the m’s and the d’s
differ between species, as discussed below.
For empirical investigations, it would be desirable to
be able to remove as many restrictions as possible on the
existence of a positive relationship between mean
abundance and recruitment variance. Kelly and Bowler
(2002) speciﬁcally investigated the two-species situation
of the lottery model where one species has low s2 ¼
V ðEÞ and other has high s2 ; with equal adult death
rates. However, in the two-species lottery model with
equal death rates, mean densities depend only on the m
values and the variance of the difference in the E values,
not their separate variances (Hatﬁeld and Chesson,
1997). Thus, higher E½N continues to correspond to
higher m and lower V ðln RÞ:
In general, decreasing m of any given species, while
keeping other parameters constant, must ultimately
decrease E½N to arbitrarily low levels because it is by
this means that a species’ long-term low-density growth
rate (r%i ) can be made arbitrarily low. Thus, intraspeciﬁc
density dependence will lead to negative average growth
rates at arbitrarily low densities. Hence, in the limit as m
becomes small, E½N must reﬂect m: However, without
restrictions beyond those needed to derive Eq. (31),
E½N cannot be expected to be monotonically related to
m within a given set of coexisting species. For example,
in the two-species lottery model with small but unequal
adult death rates, it is possible to see from the formulae
in Hatﬁeld and Chesson (1989) that the species with the
smaller m can nevertheless have the larger mean
population density if its adult death rate is sufﬁciently
small relative to that of the other species. However, for
small adult death rates, Eq. (31) implies that the
variance difference will reﬂect the m difference, unless
the m difference is small too. Thus, although within a
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community V ðln RÞ is negatively related to m whenever
the species have either small or equal adult death rates
this relationship does not always carry over to a negative
relationship within a community between V ðln RÞ
and E½N:
The difﬁculties of being sure that E½N reﬂects m
suggest that basing the comparison between variances
on the comparison between m values is the approach to
take. This approach requires some means, perhaps
experimental, of measuring mean ln recruitment rates
in the absence of competition, or at ﬁxed levels of
competition. One should avoid the temptation of
calculating m differences as mean recruitment differences, an equation implied by the assumption that C is
common to the species in the community, because this
assumption implies that coexistence stems from recruitment ﬂuctuations. Thus, the prediction that smaller m
corresponds to larger recruitment variation would
necessarily be borne out regardless of the operation of
the mechanism. A means of assessing m differences that
does not invoke this assumption is therefore necessary.

353

approximated linearly in terms of underlying factors. A
more general linear form than (32) would be Cj ¼
bj þ aj C; but the constant bj can simply be absorbed into
Ej without affecting anything in the development here.
The parameter aj is termed sensitivity to competition in
Chesson and Huntly (1997), and we shall call it that here.
Several changes occur with the introduction of the
constant aj ; following the techniques of Chesson (1994).
First, the growth rates take the form (15) when r%i is
divided by di ai rather by di alone. Second, relative
nonlinearity of competition involves the comparison
between species of the values of ð1  dj Þaj rather than
simply the surival rates ð1  dj Þ: Finally, covariance befig
tween environment and competition wj
is deﬁned in
fig
fig
terms of Cj as wj
¼ CovðEj ; Cj Þ ¼ aj CovðEj ; C fig Þ:
Having made these adjustments, the critical expressions
(23) and (24) become
r%i =ai di ¼ dmi þ dVi þ 12fai ð1  di Þ  as ð1  ds Þ
V ðC fig Þ 

fsaig

1  di fig 1  ds fig
w
þ
ws
ai i
as

g

fsaig

ð33Þ

3.3. Generalization
and
The general model with all species having a common
value for the competitive response, Cj ; makes the
assumption that the species are affected similarly by
competition to the extent that the change in ln survival of
recruits due to competition is the same for all species at
any given time. In demographic jargon, this means that
the contribution of competition to the force of mortality
is the same for all species. This assumption is justiﬁed by
models like the lottery model where competition for
space imposes uniform restrictions on all species.
However, other models can be envisaged where this
might not be the case. We can generalize the model by
simply making the assumption that the Cj for different
species are linearly related. Thus, we have the equation
Cj ¼ aj C;

ð32Þ

where C is a common, potentially composite, factor
underlying all species, and aj is a species-speciﬁc
constant. This model then allows different species to be
sensitive to different degrees to the underlying competitive factors, but in essence to respond to them in the
same way. The existence of this common C precludes
coexistence in the absence of recruitment ﬂuctuations,
and so we remain within the class of situations where
species coexistence must be explained by them, and we
seek to understand how to detect this fact in nature.
Eq. (32) might be generalized further by having Cj
simply be some increasing function, different for
different species, of the competitive factor C; but unless
such functions are strongly relatively nonlinear, they are
unlikely to signiﬁcantly affect the results here, which are
valid whenever these functions can be adequately

(
1 1  di
V ðln Ri Þ
r%i =ai di ¼ dmi þ
2
ai
)
fsaig
1  ds

V ðln Rs Þ
;
as

ð34Þ

where mi is deﬁned as ðE½Ei   ln di Þ=ai ; dmi ¼ mi  ms fsaig ;
o
fsaig
1n
and dVi ¼ ð1  di Þs2i =ai  ð1  ds Þs2s =as
: Of most
2
importance is the relationship between average invader–
resident recruitment variation differences and community average measures of mechanisms, which here
reduces to
9
8
fig
>
fig
fsaig >
=
<
1 1  di
1  ds
fig
fig
V ðln Ri Þ 
V ðln Rs Þ
>
2>
as
;
: ai
¼

DIi
ai di

fig



DNi
ai di

fig

:

ð35Þ

The right-hand side of this equation is the difference
between the community-level storage effect, and the
community-level relative nonlinearity. The left-hand
side is again an average-weighted comparison of
recruitment variation between invaders and residents.
The weights, however, do not necessarily become
unimportant in long-lived organisms. The comparison
remains irreducibly dependent on the relative sensitivities to the common competitive factors of juvenile
mortality rates. Similar dependence occurs for the
comparison of recruitment variation for long-term
low-density growth rates of individual species
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(Eq. (34)) and the counterpart to Eq. (31) for the
relationship between ms and recruitment variation for
unperturbed systems. Thus, some appreciation of the
relative sensitivities of juvenile mortality rates to
common competitive factors is necessary to make
effective use of recruitment variation comparisons to
test species coexistence mechanisms.

4. Discussion
The results here suggest that coexistence mechanisms
relying on recruitment ﬂuctuations should be detectable
by comparing the variances of ln recruitment (‘‘recruitment variance’’) of the different species in a community.
The outcomes of these comparisons can be regarded as
tests of the hypothesis that recruitment ﬂuctuations
are responsible for coexistence. They are predictions
of the general model given here in which recruitment
ﬂuctuations are the only possible coexistence mechanism. They are not predictions of alternative models
in which coexistence results from factors such as
resource partitioning or frequency-dependent predation.
However, for resident–invader comparisons, predictions
applicable to the sole action of recruitment ﬂuctuations
may also apply to a combination recruitment ﬂuctuations and other mechanisms, as implied by formulae
for such situations in Chesson (1994). Thus,
passing these tests, while implicating recruitment ﬂuctuations, does not rule out the presence of other
mechanisms.
The simplicity of comparisons assessing the role of
recruitment ﬂuctuations in species coexistence varies
with the circumstances. The clearest comparisons are
possible for invaders in relation to residents, as deﬁned
in an invasion analysis of species coexistence where
individual species are kept at low density, and their
recruitment rates are compared with those in a resident
community. Simple predictions are then available for
species that have similar sensitivity to competition
(measured by the parameter a above) and are either
long-lived or have similar longevities. In these cases,
average recruitment variance is predicted unambiguously to be higher for invaders than residents. Moreover, the difference between invader and resident
recruitment variance is proportional to the standard
quantitative measure of the storage effect for an
individual invader, and the average invader variance
compared with average resident variance is proportional
to the community average storage effect. If the species
are not long-lived and have different adult longevities,
the situation is a little more complicated, because then
the relevant comparison is between recruitment variances multiplied by adult survival rates. However,
any appreciable knowledge of recruitment variation is
likely to be accompanied by a knowledge of adult

longevity, and this requirement is no serious difﬁculty in
practice.
With differences in adult longevity for species that are
not long-lived, the storage effect is not necessarily the
sole mechanism of coexistence arising from recruitment
ﬂuctuations. The mechanism termed relative nonlinearity of competition may also have a role. Average
differences between survival-weighted recruitment variances for invaders and residents then measure the joint
effect of the storage effect and relative nonlinearity of
competition. More serious complications occur when
species have different sensitivities to competition. Then
sensitivity to competition has to be factored into the
comparison between recruitment variances. Space competition, as exempliﬁed by the lottery model, implies
that species should not differ in sensitivity to competition. Similar scenarios in which gaining a certain
amount of resource is necessary for recruitment (like a
unit of space in the lottery model), also argue for equal
sensitivities to competition, because these models can be
formulated as variations on the lottery model preserving
equal sensitivity even when different species require
different amounts of resource for recruitment. If other
models are thought necessary in particular circumstances, then experimental measurement of sensitivity to
competition may be necessary to apply the methods
here.
The invader–resident comparison is one form of
comparison between high- and low-density species, but
is not necessarily the most natural such comparison. The
case where species’ recruitment ﬂuctuations are simply
observed with no species constrained to low density,
however, still leads to clear predictions. These predictions most straightforwardly involve not the actual
mean densities of the species, but quantities related to
them, viz., the mean ﬁtness components denoted by m
above. However, to use this approach, means of
assessing these mean ﬁtness components need to be
developed along with methods of assessing sensitivity to
competition. In general, such methods may be difﬁcult
to develop and could severely limit the ability to assess
the role of recruitment variation in coexistence outside
resident–invader comparisons.
Invader–resident comparisons, if they can be done,
provide the clearest assessments of coexistence mechanisms because they are capable of measuring their full
magnitude. They remain applicable even if species have
similar average ﬁtness components and similar mean
densities as residents. The main difﬁculty is setting up
these comparisons. The ideal situation is to experimentally perturb a species to low density and maintain it
there artiﬁcially, while allowing the rest of the species to
approach the stationary distribution that they have in
the absence of this particular species. Such a situation is
most easily imagined in the laboratory with very small
organisms whose populations turn over quickly.
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Warner and Chesson (1985) suggest procedures for
nonexperimental investigation of recruitment variation
in species approximating the invader–resident scenario,
and give some examples using small marine invertebrates. Fundamentally, stochastic ﬂuctuations will mean
that species densities may range widely, and some
observations of recruitment of a species while at low
density might be regarded as equivalent to its recruitment as an invader while recruitment of other species at
those times is equivalent to their recruitment as residents
in the absence of the species assuming the invader role.
Ideally, residents should be at their stationary distribution whenever such observations are made, and so a key
question is how quickly this distribution is approached.
In the two-species lottery model, the resident reaches its
stationary distribution in one recruitment period, and so
all observations for a species at low density can be
regarded as measuring that species and its competitor in
an invader–resident state. In other cases, a given species
may have to be at low density for several to many
recruitment periods before this assumption is satisfactory. Care would also have to be taken in case
environmental ﬂuctuations affecting recruitment are
autocorrelated on the timescales considered, for then
unfavorable conditions causing a particular species to be
at low density might tend to persist biasing observations
of recruitment variation toward unfavorable environmental conditions. Although these challenges of approximating an invader–resident scenario may seem
daunting, with small organisms and fast generation
times, it seems possible. Moreover, steadily improving
methods of historical reconstruction of community
dynamics (Davis et al., 1994; Jackson et al., 2001) open
the possibility of obtaining very long time series of
recruitment ﬂuctuations for some communities making
these methods feasible and powerful.
In the process of developing relationships between
recruitment ﬂuctuations and the fundamental coexistence mechanisms, we also considered and developed the
new concept of community average measures of
mechanisms. The long-term low-density growth rate
(r%i ) is then partitioned into components in terms of these
community average measures, and components expressing average ﬁtness differences, which sum to zero over
species. This technique, which here clariﬁed the relationship between recruitment ﬂuctuations and the fundamental mechanisms, also furthers understanding of the
two fundamental kinds of coexistence mechanism
discussed in Chesson (2000b), viz., stabilizing and
equalizing mechanisms. Stabilizing mechanisms are
those allowing species to have positive invader growth
rates, in spite of average ﬁtness differences. Equalizing
mechanisms are means by which average ﬁtness
differences are reduced. From the work here, we see
that the storage effect and relative nonlinearity of
competition can have both stabilizing and equalizing
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(or unequalizing) components. The community average
measures of the storage effect and relative nonlinearity
of competition summarize their overall contributions to
stabilizing coexistence. Individual species deviations
from these community average values then contribute
to average ﬁtness differences between species and may
trade off against other average ﬁtness components
arising in other ways. Such procedures are generally
applicable to species coexistence mechanisms and
potentially provide a powerful new tool for analyzing
species coexistence.
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Appendix
The analysis of the lottery model in Chesson (1994) is
partly applicable to the general recruitment variation
model considered here because the lottery model also
has the same function gj ; (Eq. (10)) as the general
recruitment variation model. Moreover, the comparison
of the small-effects approximation for the lottery model
with numerical results (Hatﬁeld and Chesson, 1989)
suggests that this approximation is broadly satisfactory
for the general recruitment variation model. Most of the
results here depend on this approximation.
To deﬁne the ﬁrst term, r%0i ; we ﬁrst choose a reference
value C  of competition, and deﬁne


Ei ¼ lnðsi þ eEi C Þ;

ðA:1Þ

which can be thought of as an average measure of ﬁtness
of species i in the system at the reference value of
competition, C  : Then, r%i becomes
r%0i ¼ E½Ei   E½Es 

fsaig

;

ðA:2Þ

where the superscript fsaig on the bar in (A.2) means
that the average is over all the resident E½Es  values. The
actual value of (A.2) depends only weakly on the
reference
value C  : A suitable choice for C  is
P
1
fig
E½C
; the average of the expected competition
i
n
over each of the n species considered in turn as an
invader. Having made this choice, the E½Ej  are uniquely
deﬁned. Moreover, expression (A.2) cannot vary by
more than oðs2 Þ where s2 is a small parameter
expressing the common order of magnitude of the
variances, V ðEj Þ; provided we make the standard
assumptions of small-effects approximations
(Chesson,
P
1994) and assume that C  varies from 1n i E½C fig  by no
more than Oðs2 Þ: The value of E½Ej  reﬂects both the
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mean and the variance of Ej : Speciﬁcally
E½Ej =dj ¼ mj þ

1
2ð1



dj Þs2j



C :

ðA:3Þ

of the text is just the special case of (A.6) with dj the
same for all species. Expression (14) is simply (A.6).

Thus
r%0i =di ¼ mi  ms fsaig þ 12ð1  di Þs2i  12ð1  ds Þs2s
¼ dmi þ dVi ;

References

fsaig

ðA:4Þ

as given in Table 1.
The other rows of Table 1 are immediate from the
analysis of the lottery model in Chesson (1994). Note,
however, that the covariances are in different units
(‘‘standardized units’’) than those in Table 1. However,
covariances in terms of standardized and original units
are interconvertible as explained in Chesson (1989). In
Chesson (1994) the notation wi
jj is used for covariance
between environment and competition, which is simplifig
ﬁed here to wj
because the double subscript serves no
purpose here. The general expressions in Table 1 do not
require the symmetric variance assumption used in the
text for the special storage-effect formulae (12) and (14).
To obtain expressions (12) and (14) , we introduce a
general model of competition where
!
X
El
C¼f
al ðNÞe Nl :
ðA:5Þ
l

Here f is an increasing function, and the competitive
effects al ðNÞ of individual juveniles of species l are now
functions of the vector N ¼ ðN1 ; N2 ; y;Nn Þ of adult
densities of the species in the system. This formula
generalizes both competition expressions (6) and (7) in
the text. Applying the symmetric variance assumption of
the text and (Chesson, 1994, expression (79)), it follows
that
(
)
fsaig
Þ
2 ð1  rÞð1  d̃s
fsaig
DIi ¼ di s
þ rðdi  d%s
Þ B;
n1
ðA:6Þ
fsaig
d̃ s

are deﬁned in terms of as as ¼
where B and
E½qC fig =qEs  as
X
X
¼
as as ds =
as as
ðA:7Þ
d̃ fsaig
s
sai

sai

and
B¼

X

"
as as ¼ E f

0

sai

X
sai

!
Es

as ðNÞe Ns

X

#
as ðNÞe Ns

sai

¼ E½f 0 ðf 1 ðC fig ÞÞf 1 ðC fig Þ:
0

1

1

Es

ðA:8Þ

f
is a smooth function, results in
Now if f 3f
Chesson (1994, Appendix II) show that value (A.8) is
within Oðs2 Þ of f 0 ðf 1 ðC  ÞÞf 1 ðC  Þ: It can thus be
considered a constant as the parameters of the model
are varied. For the lottery model, the formula
f 0 ðf 1 ðC  ÞÞf 1 ðC  Þ for B gives the value 1, and for the
model given by Eq. (6) it is C  : Note that expression (12)
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